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Remarks on inequalities of series of positive terms 
By L. LEINDLER in Szeged . 
We proved the following inequalities for non-negative a„ and bn: 
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where — + — = 1 (see Theorem 1 in [2]). 
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We also formulated in [2], without proof, the following inequality. If (a^'} 
(/ = 1, 2, . . . , m; n=0, ± 1 , ± 2 , ...) are m sequences of non-negative numbers, then 
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where 1 ^ °° and 2 — = 1. 
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In the present note we show that the constant factors 1, pp qt, and JJ (Pi)Pi in 
/=1 
(1), (2), and (3), respectively, are best possible. 
Since inequality (2) is a special case of (3), it would be sufficient to prove that 
the constant factor in (3) is best possible. In spite of this we prove both cases, because 
the idea of proof can be seen much better in the simple case, furthermore the proof 
of the general case is not a trivial straightforward generalization. 
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Moreover, with respect to the obvious inequality 
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which holds for any positive y and n, we remark that (2) implies the following 
C o r o l l a r y . Suppose that y > 0, 1 q S « and — + — = 1. Then we have 
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The factor p p ^n in (4) seems not to be best possible generally. But if p—q=2 
then it is best possible for any y > 0 . Namely, if a0=b0 = l and a„=b„ = 0 if n ^ O , 
then both sides of (4) equal 2. 
Setting the above given sequences {an} and {Z>„} into (1) we obtain an equality. 
Thisverif ies that the factor 1 in (1) is best possible. 
The proof of the fact that the factor p p q i in (2) is best possible is a little bit 
longer. 
It is easy to see tha t i f a 0 = a 1 = - - - = a v _ 1 = l , b0=bl — --- = 6 ) J _ 1 = 1 and a„=b„=0 
otherwise, then inequality (2) reduces to 
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If we can show that for any positive e there exist integers v and ¡i such that 
(6) v + n<(pllpq1!q + e)vilp ¡.i1,q, 
then our statement will be proved. 
Inequality (6) is equivalent to 
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and this obviously follows if / / = 1 and v is large enough. 
The case q— 1 and p = >̂ can be verified similarly. 
If 1 </>, oo then we have 
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Since the functions (a > 0) are continuous at any point x 0 > 0, by (8) we have that 
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Consequently if x = —approximates the value - - " in a suitable way", then (7) and 
fx p 
(6) hold. This proves that the factor pp gt in (2) is best possible. 
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To 
prove that the factor JJ (/?,)P> in (3) is best possible, we start with the case 
/= 1 
pv = \and p 2 .= •••=/?,„ = °o. 
Set c $ = d p = . . . = c t » _ 1 = 1 and ct®=0 otherwise, for / = 1 , 2 , . . . , m . Then 
inequality (3) reduces to 
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1 = 1 ( m Hence, if v2 = v3 = • • • = v,„ = 1 and is large enough, it can be seen that 11 = J [ (A ) p ' I 
is best possible indeed. 
If l<pi,p2, • • • , / V < 0 0 a n < i Pn+i=z'"—Pm — °°-> then inequality (3) reduces to 
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By (10) it can be seen that for any e > 0 there exist rat ional numbers ri(i= 1, ..., ¡j) 
such that 
GO 2 n \ y \ ^ n(Pi)llp' + s. 
Choose the positive integers l u •••,/ , , such that 
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that is, 
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Define v1 = l1N, v2 = l2N, ...., v^ — l^Nand v / l + 1 = " - = vm = l, where N is a natural 
number to be defined later. Then inequality (9) has the form 
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We show that if N is large enough then 
(13) m+ Z ( M ; - 1 )< f / 7 (PdUp' + z) ft ( M ) i ! \ 
/=1 U=i )i=i 
m 1 
which verifies that , the factor I J (PdPi ' s b e s t possible. By (12), 
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Hence, if N is large enough we obtain by (11) that 
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ri(pi)1"'' + e. 
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So we have proved (13), and this completes our proof. 
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